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Preface 


Roman numerals refer to entries in the bibliography. 
All special symbols are defined as they are introduced and 
in all cases follow the recommendations of the Commission 
for Symbols, Units and Nomenclature of the International 


Union of Pure and Applied Physics. 
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Introduction 


In 1889 the Governing Committee of the International 
Bureau of Weights and Measures adopted as the International 
Meter Bar a line standard which replaced the end standard 
known as "Le Metre des Archives" which had served since 1799. 

In 1895 Michelson and Benoit measured the International Meter 
Bar in terms of the 6438 & (red) line of Cadmium. The result, 
an accurate value in air for this wavelength, was 6438.47202 &. 
An assumed correction for the water vapor pressure present in 
the air during their experiment* changes the value to 6438.4791 
R. In 1905 Benoit, Fabry, and Perot remeasured the bar obtain- 
ing for "Standard Air" a wavelength of 6438.4796 ®. This wave- 
length was adopted by Astronomers and Spectroscopists and all 
fundamental measurements were referred directly to it. 

For practical work, or where extreme accuracy is not 
required, secondary standards have been adopted throughout the 
Spectrum. These are lines whose wavelengths have been measured 
carefully with respect to the Cadmium red line by at least three 
independent investigators. Between 1889 and 1960 it became pos- 
sible to measure wavelengths from isotopic sources more accu- 
rately than one could set a microscope on a line standard. Thus, 
at the Eleventh General Conference of Weights and Measures held 
in October 1960, the International Meter Bar was redefined to be 
exactly 1 650 763.73 wavelengths in vacuum of the 6057 R 
(orange) line of Krypton 86 in an Englehard-type lamp operated 
at the triple point of Nitrogen. 
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Several topics immediately presented themselves for 
study. The one selected for this thesis was to measure as 
many vacuum wavelengths as possible with respect to the Krypton 
Standard Line in the spectrum of Krypton itself and also in 
the spectrum of Mercury 198 in a Meggers-type electrodeless 
lamp. The Meggers-type lamp is useful because of its ease of 
ExeuatlOnmanGd DighimimMvens bye -lnese dines are expected To 
serve ultimately as new secondary standards and will be approx- 
imately two orders of magnitude more accurate than current Iron 


and Neon secondary standards. 
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CHAPTER I. THEORY 


1.0 Derivations of the Fundamental Equations 


An interferometer of the Fabry-Perot type, called an 
etalon by the inventors, was crossed with an Ebert plane 
grating spectograph. When light from a suitable source is 
passed through the system the etalon forms a set of concentric 
circular interference fringes at infinity for each wavelength 
in the incident beam. These interference patterns are focused 
by an achromat on. the entrance slit of the spectrograph. The 
Spectrograph then disperses the interference patterns by wave- 
length. The result is a series of spectral emission lines with 
an interference pattern superimposed on each. By photographing 
the result, accurate relative measurements of the fringe dia- 
meters may be obtaned. Using these data, precise values for 
the emitted wavelengths can be calculated. 

The grating used in this work has 3000 lines per centimeter 
and was supplied by the Jarrell-Ash Company of Newtonville, Mas- 
sachusetts, U. S. A. 

the etalon consists of a pair of optically flat quartz 
plates separated by an invar spacer and held accurately parallel 
by springs and pressure rods. 

The phase difference Aq between two points in a plane wave 
Seo 


Neyo a (optical path difference) (1) 


* Jenkins and White (II) p. 184. 
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Figure 2. Formation of circular interference fringes 
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circular in shape with their radii, R,; depending on 2. and 
the focal length, f, of the projecting system used. From 
Figure 2 one can see that 


1 
se ae Lae 2 (5) 


Expanding in a binomial series and retaining only terms to the 


first order gives 
al 
COS flag I ae (6) 


where D; = eR, is the diameter of the qa ring. Substituting 


(6) into (4) and suppressing the subscript on A _ gives 


This is the fundamental relation for the evaluation of the 
interference patterns with respect to wavelength. 
Differentiating (4) with respect to @ and (7) with respect 
to D and temporarily suppressing the subscript on D yields 
PAY 


dp = - =“ sin g dg = - 


t d. 
- (Ss) (8) 


Mee 
panes P has a negative sillope, ithe order number decreases with 


increasing diameter or increasing angle of incidence. For 


dP = -l we have dD -+AD and from (8) we find 
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so that AD decreases as D increases. This means that the rings 
become closer together as we proceed outward from the center of 
the interference pattern. Furthermore, with f and t fixed, the 
rings of shorter wavelength are closer together than the rings 
of longer wavelength. To the first order, P is a quadratic 
function of D so that to equal increments of P there correspond 
equal increments of oe. Choosing the diameter of the innermost 
ring to be Do> the following diameter Dy and so on, Di, will be 
the diameter of the (k + 1) ring. We now assign to the order 
number P in (7) the same subscript that we assign to the diam- 
th th 


eter. The difference in order numbers between the i and k~ 


circles, 1. ki, as Ps - P a small integer equal to k-i since 


k? 


Pr < Ps and Ps decreases for increasing D;. Hence 
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with common difference A Ge 

We assign an integral order number to each bright fringe. 
More precisely since the intensity distribution in the fringes 
is known to be approximately parabolic near the maximum (see Ap- 
pendix II), we should assign this integral order number to the 
maximum intensity of each bright fringe. Any point on the in- 
terference pattern between two bright fringes will not have an 
integral order number, but we may assign to it a fractional order 
number € which varies continuously from one bright fringe to the 
next. To the center of the interference pattern, g =O), we 
assign a nonintegral order number P which we write as P = Py + 
é= Py + i+ ¢. Sclving for P,, substituting into (7), rearrang- 
ing terms and making use of (11) and (12) gives 

tD,* 


€ —s5 - i= 


~ ayee A(D 


a (13) 
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If only the two innermost circles are available for measu- 
fe) BS - Dig And (13) becomes 


In high precision work many diameters are 


rement we have immediately A(D~) = D 


2 2 2 
e=D, /(D,~ - Do). 
available for measurement. If an accurate value for A(D°) can 


be found then we may write for j=1, 2, ... tye = Die = jA(D 


Each value of De calculated from this equation is different so 


they have been labeled with a presuperscript. The best value 


2 
for Do 


Simple scheme employing the method of least squares can be set 


2) 


Ne ee 
is then the average (0,2) => Tan) Cee). A 
j=O 


up to obtain the average values (0,2) and ((D2)) and from 


them a least squares value of € may be derived. 
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The equation De = A(D@)4 - DEA 


standard form y = mx + b. The left side is now regarded as a 


is linear and in the 


measured value for DES while the right side is not necessarily 


equal to the measured left side but is regarded as being calcu- 
2 2 
) and Do - 


squares of the deviations 


lated from A(D We require that the sum of the 


be a minimum. That is, we require the variations with respect 


@ 
O 


This results in the following equations: 


to the two parameters A(D°) and D to vanish independently. 


BiD,© = A(D*)sa° + Deol (14) 
BD,° = A(D®)34 + nD,* (15) 
n-1 D D 
We have used the fact that 2 Dy = nDo » where n is the number 
li—© 
of diameters used. If Ds and A(D°) are eliminated from (13), 


(14) and (15) we find on solving for ¢€ 


2 2 


ai S310) - 21 
(<)- 


= 


nid, 


- 212d, 


(e) is taken to mean the least squares value of é€., 
Because it is a tedious Job to calculate fractional order 
numbers from (16) with a desk calculator, and also because arith- 


metical mistakes are easily made, it was desirable to program 


oft at bas asehte et Soa 4oeSajae S.-0 

8 as babasasy won et, sbbei¢tet ot? it Km = 
uliseaeeoon ton sb ebte diigbs odd eftdw “ee 107 
-sols> sated as. bebisget et Jud ebte viel £ 
eis to muesnd dant etfvpet oW vd bre ie 


S( Aye aAatane S012 


gneqeet dciw snottalrsy, srit orthuper aw ,st JedT 
{qnebnsgebnt detasy of 8 4o bos (Fa)a ar 
enoldsups gntwollot ond mz & 


(ur) rs8oa + Sax (Saja = a 
(at) S do + 22(Sa)a = S,a8 


len 
qadmun std st censciw <del 9.0 8, teriduvos? edd 
(£2) mon? Badentatio: ors (Fa)a bas. 5,0 1. deat 

> To? yatvloa no, batt aw ( 


tsaSee . 9 cae 
(34) - de Lode). ag: 


» he ’ . i : , a * 
é 4\* : — ~~ q : 
er ar,» w20= wry is 
a Eee SU LAV 


cae » | ip f 7 ta phot _ 

webr0 fantotsoo4t be lla a ed 
; Nae wv . e ny > 

-toith onuposd cele bag yas sa | 
an a ? 4 
>is an 
a ae, 8 eo 


a es 


10 


(16) so that the calculations could all be performed by the 

IBM 1620 computer. Meissner is reported to have said that 
little improvement in the standard deviation of ¢€ is obtained 
when more than five diameters are included in the least squares 
calculation. In several cases we found that up to fifteen 
diameters could be measured. However, least squares calcula- 
tions using from six to ten diameters gave no noticeable im- 
provement in the standard deviation of ¢€. For this reason, and 
also because a standard format is required for machine calcu- 
lations, five diameters are always taken. Then (16) reduces 


to the simpler form 


35m), aD, 

e Einaily on apie (17) 
tsip.* - =p.* 
2 aL al 


it is also possible to obtain from the variational calcu- 


lation a least squares value for 1/A(D*). Multiplying (14) by 
n and (15) by Zi and solving the resulting equations for 1/A(D°) 


we find, on limiting ourselves to five fringes that, 


ly etnies eat) Saeena (18) 
A(B-) * Sei, 9-*3D 


Once 1/A(D*) is obtained from (18) individual values of € for 
each diameter can be calculated from (13). The average of the 


€, So calculated must be identical to <<) . This fact serves as 


the only adequate check on a hand calculation of a least squares 


€. Once the €, are obtained, the standard deviation of the mean 


ai 
may be calculated from the usual formula 
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1.1 Application of the Fundamental Equations 
At the center of any interference pattern, g = O, we see 


eon (7) wialehe 


(P+ ey = 2t (20) 


ligaligalzailais Sa@aliclaeia le €, A, nor et is known. However, from 


0? 
(17) a value for € may be calculated which is accurate to two 

or three significant figures. From the M.I.T. Wavelength Tables 
eVALUCE HO i sinair may, be found which as accurate vo five or 
six significant figures. Finally an approximate value of 2t 
may be obtained by measuring the etalon spacer with a micro- 


meter, 


Consider two wavelengths, A and A found from the table. 


lol? 
Then dropping the subscript O on Po and using (20) gives 


3? 


(21) 


Pa and Py are selected so that ev, and et are each smaller than 
the micrometer value of 2t by about 0.01 mm. Then a and P are 
increased as necessary until ev. = ety to five parts in the 
elghth significant figure or better. One finds apparent matches 
in these values of 2t at intervals of a few tens to a few hund- 


reds of order numbers depending on the separation of the wave- 
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lengths and the etalon thickness. The values o 
for several of these apparent matches both above and below the 
micrometer value are recorded. This procedure has drastically 
limited the possible real value of 2t to one of a small set o 
numbers. This limits the possible integral order number P_. 


Co 


which a third wavelength AG can have. We therefore look for 


Tas > | = (*> ~ — 
With Small spacers only 


values of Ee such that 2t. =.2t, = et: 
a single match is expected. However with longer spacers addi- 
tional wavelengths must be introduced until one unambiguous 
value of 2t is found. For the 10 em. spacer used in this work 
nine lines were required. This procedure establishes the 
correct integral order numbers for each interference pattern. 
Threrfore we now know (Py + ¢€) 
limited only by our ability t 
diameters. 

The wavelength A, of the 6057. & line of Krypton 86 is 
known by definition. In work of the highest precision this 
line must be recorded on each spectrogram so that the absolute 
thickness of the etalon can be found. 
ter + esas is limited only by our ability to measure €_ and is 
of the order of a few parts in 10°. We now use 2t_ and the 


order number for each interference pattern to calculate th 


wavelength of the light producing it 


If the standard line does not occur on the plate several secon- 


dary standards may be used simultaneously to give an acceptable 
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value of Ot provided that these lines have been measured with 
respect to the standard, preferably in the laboratory where the 
work is being performed. 

To apply the described method, quite accurate wavelengths 
are needed to establish unambiguously the integral order num- 
ber. The M.I.T. wavelength tables are adequate to the task in 
the case of the smaller spacers with integral order numbers less 
than about 100,000. The more accurate interference wavelengths 
calculated from the thin etalons are required when the work is 
carried to longer etalons. Alternately, one may compare the 
same line from two long spacers to eliminate any uncertainty in 


Po Watch is usually only = i. 


1.2 Phase Change on Reflection 


When wavelengths Ns are determined with respect to the 
standard line Ne as described here, one may find a systematic 
Variation of results with increasing, etalon thickness. This is 
due to the fact that a phase change may occur on reflection from 
a metallic film. Suppose that a phase change of ray 2 with re- 
spect to ray 1 in Figure 1 is, 20/27 = 6 = 2t/\. The last step 
follows from (7) when we confine ourselves to the center of the 
pattern. Thus the effect is a small correction Tt to the geomet- 
rical length t of the etalon. The t appearing in (7) must be 
PeplaCeG ey 1G) - tie ne Order snumber's irene and Fg at the center 


of the patterns for the standard line at two etalon thicknesses 
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If there is no dispersion of this phase change then Uae ty, and 


no error is introduced by neglecting the entire correction. In 
general, however, T. Z tT, and the correction must ber iniciudeds an 
work of the highest precision. Subtracting the equations in 
pairs to eliminate the phase shifts, dividing the results and 


solving for Ns gives 


Other methods of making this correction are discussed in 
Meissner (III) pp 423 P 46, 

No systematic phase change could be detected using all of 
the data from all of the spacers. However, there did appear 
to be some random fluctuations. Thus, no phase change correc- 


tion could be included, though a small one may be present. 


15 


CHAPTER II. APPARATUS 


2.0, he Opileal Mlacs 


The quartz optical flats used in this work have a diameter 
of 60 mm and a thickness of 15 mm. The second surface makes 
anmanpulic OE s\OOUU Lo! WO are waite eespecy To the optically 
flat surface so that reflections from the second surfaces are 
not passed into the spectrograph. 

The pair of flats used for all work reported here was 
obtained many years ago from Hilger and Watts Limited. The 
aCCURACV OM Che alpuRe rts Mov, Known, but simee the filatvs must 
be about 40 years old, it is doubtful that they are better than 
1/20 wavelength. 

A new pair of flats was purchased from Englehard Industries 
with the same dimensions as the old flats and which were pre- 
Sumably accurate to 1/200 wavelength. Several pairs of photo- 
graphic plates were exposed with the new flats and in all cases 
the results were very poor. A few lines measured with these 
new flats are included in the mercury data where the interference 
patterns were as sharp as with the old flats. However, it was 
found necessary to employ the Hilger and Watts flats to obtain 


consistent data. 


Creer ualily Retlecuing Mevaliicyhiims 
If the flat surfaces of the etalon are uncoated about 4% 
of the incident beam will be reflected at each surface and the 


rest will be transmitted if we neglect absorption. This means 
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That the intensity ratio of rays 1 and 2 in Figure 1 will be 
about 1600 to 1. It is impossible to believe that measurable 
interference patterns will form under these conditions. If a 
thin metal film is deposited on the flats the intensity ratio 
will drop but more importantly a large number of rays produced 
by multiple reflection will contribute to the interference pat- 
tern. Meissner (III) p 411, has shown that the instrument half 
width decreases rapidly with increasing reflectivity or film 
thickness. This means that the interference patterns become 
much sharper. However, this also increases the exposure time. 

A suitable compromise lies between 85% to 95% reflectivity. The 
plates used in this work had about 92% reflectivity. Aluminum 
films were chosen because of ease of evaporation, stability with 
age, absence of absorption bands and absence of serious dispersion 
in the reflectivity in the visible and ultraviolet. The details 
of the aluminization process carried out in this laboratory are 


given in Appendix I. 


2.2 Manufacture of the Etalon Spacers 


A solid bar of free machining annealed Invar was obtained 
6.35 ecm in diameter. From this stock six spacers were made with 
the following dimensions: 


Outside diameter 6.0 cm 


Inside diameter 50 (Cm 
Nominal lengths Oke et ecto, ib, tlOse 2Ouem 
2 


Area of each boss 25 mm 
Because none of these dimensions are critical, the tolerances 


allowed were + 10%. 
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It was found that very careful workmanship in the machine 
shop resulted in the spacers being sufficiently accurate to give 
poor interference patterns without any grinding or lapping. The 
smallest four spacers can be tested with a sodium or thallium 
lamp but a mercury 198 or krypton 86 lamp must be used to test the 
longer spacers. New plate glass proved to be a satisfactory sur- 
face to lap against. Indeed, some of the plate glass was so flat 
that Haidinger interference fringes were observed in the glass! 

All bosses are first ground equally with a slurry of #175 
aluminum oxide in distilled water on a new area of the plate 
glass until all bosses acquire a uniform black appearance as 
seen through an optical loupe. This removes any small ridges or 
burrs left in the milling and machining operations. A fresh area 
of glass is selected and the high boss or bosses are further 
ground with more of the same abrasive while the low boss or bosses 
are used as pivots and are lubricated with a slurry of cerium 
oxide in distilled water. Equal lapping is done on each end of 
the spacer. After a few strokes, the spacer is thoroughly washed 
and dried and the bosses inspected. Any abrasive particles mis- 
sed by the washing or lint left by the drying are brushed away. 
The interferometer is assembled and tested and the high bosses 
are recorded. The difference from the previous recording is 
noted. The procedure is repeated as necessary. 

In this way the 0.5 cm spacer was lapped until the separa- 
tions of opposite pairs of bosses differed by less than half a 
wavelength (one fringe) in about three days. A correction of 


this magnitude can be made by the springs and pressure rods of 
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the etalon holder. The next three spacers were lapped to the 
same or better tolerances in about one day each. The 10 cm 
Spacer was lapped in very rapidly, being almost perfect after 
the fourth attempt. No attempt has yet been made to put the 
20. em etalon into operation. JIf the lapping does not proceed 
uniformly, either insufficient care is being exercised in the 
cleaning of the spacer and mirrors before assembling the etalon 
for a test, or the glass has become frosted. If the latter 
occurs, the lapping will not be predictable and the bosses will 
become badly rounded. The author found that if new glass is 
used for each step, then five strokes on each end will reliably 


remove 2500 R of metal from the high boss. 


2.3 The Comparator and Measurement of the Fringe Diameters 


To evaluate the partial order numbers the diameters of five 
consecutive Fabry-Perot fringes must be measured. Traditionally 
the diameters were measured directly from the spectroscopic 
plates by eye through a travelling microscope. This procedure 
is open to two objections. Operator fatigue is so great that 
many errors are made in any long session. This wastes computing 
time and corrections can be made only if the plate is remeasured. 
A more serious objection, however, is that the eye cannot distin- 
guish between the maximum intensity and the center of a given 
fringe. In practice, one always sets the UNCC GOIN on the center 
while theory demands that one set on the aneoehaara intensity of the 
fringe. These two positions are not necessarily identical, and 


it is believed that the limiting accuracy found in the literature, 
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about 0.0005 Re is a result of this effect. We have, therefore, 
developed a scheme to circumvent both of these problems. It 
gives an improvement of one order of magnitude in accuracy. 
Instead of scanning the plate by eye, an electro-optical 
system is used. A line filament lamp is placed at the focal point 
of a small achromat. Thus, light from the lamp is rendered para- 
diel and falls, on-an adjustable-slit. The image-.of the slit is 
focused by a microscope objective onto the spectroscopic plate to 
be measured. The plate rests on the bed of an old comparator 
which is used for its accurate ways and screw. The transmitted 
light is focused by a second microscope objective onto a second 
slit behind which is a DuMont 6291 photomultiplier tube. As the 
photographic plate is moved through the light beam, the photomul- 
tiplier current varies and hence a varying voltage develops across 
the anode resistor. This varying voltage is amplified by a two 
stage emitter follower amplifier to match impedances and is fed 
into.a Bristol recording potentiometer. The pen of the recorder 
traces out the variations of intensity of the interference pattern 
giving a trace that resembles a sine wave. The chart drum is con- 
nected directly through two gears to the comparator screw so that 
there is a one to one correspondence between points on the chart 
paper and points on the plate. The expansion of the photographic 
image to the chart trace is 1 to 1143. A major source of error in 
this method is that we must rely on the chart manufacturer to punch 
the chart drive sprocket holes uniformly with respect to the en- 
gravings on the paper. Occasionally, jump discontinuities of the 


order of 0.01 inch between adjacent lines in the chart engraving 
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are observed. No attempt has been made to correct for either of 
these sources of error. 

The peaks on the chart paper which correspond to the dark 
fringes in the interference pattern are split in several points 
with a steel ruler. A smooth curve through these points is drawn 
and extended until it intersects the trace. The intersection 
point is read with an optical loupe of moderate power to 0.01 inch. 
The values obtained are recorded in notebooks. Appropriate sub- 
tractions give the relative diameters which are then punched into 
IBM cards. The 1620 processes the cards in 2.3 seconds each giv- 
ing the least squares partial order number, the individual partial 
order numbers and the standard deviation. A Marchant hand calcu- 
lation takes 15 minutes. 

A schematic diagram of the photomultiplier circuit and the 


transistor amplifier follow. 


2.4 The Spectrograph 


A stigmatic 3.4 meter Ebert plane grating spectrograph, sup- 
plied by the Jarrell-Ash Company of Newtonville, Massachusetts, 
was used in this work. Since the mounting is not yet common, a 
brief description follows. Light falling on the entrance slit, 
situated at the center of one end of a light tight box 70 cm wide, 
60 em high, and 340 cm long, is reflected from a spherical mirror 
of 40 cm aperture at the far end of the box to a plane grating 
mounted 200 em from the mirror. The light which is reflected from 
the grating again strikes the mirror and is brought to a focus in 


a Slightly curved cylindrical surface of radius 500 cm immediately 
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Figure 3. A schematic diagram of the photomultiplier 
circuit and the emitter follower amplifier built for 


use with the recording potentiometer. 
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above the entrance slit. With the 3000 line/centimeter grating 
used here, a dispersion of 50 R /mm in the @nd order, and 25 R /mm 
in the 3rd order was obtained. The plate holder takes two stan- 
dard 4" x 10" plates end to end and gives excellent coverage of 
the spectrum from the infrared through the ultraviolet with each 
exposure. The optical alignment and focus of the spectrograph 
were very carefully adjusted using a Hartmann diaphram before the 


experiments were begun. 


ee ae srhovogcaphic Plates 
Only Kodak 103-F plates were used in this work. The spectral 

response is quite uniform from about 7000 R to 2500 ne They are 
moderately fine grained, and fairly fast. Kodak type 1-N plates 
were ordered to extend the measurements to 9000 R, but failed to 
arrived. The plates were always developed immediately after ex- 
posure in D-19 for Bin at 18° ¢G with continuous hand agitation. The 
plates were fixed in Kodak acid fixer for 5 and washed in running 
water for 20me To aid in uniform development, the plates were dip- 
ped in water to wet the emulsion and eliminate bubbles immediately 


before being plunged into the developer. 


2.6 The Vacuum Chamber 


The vacuum chamber is an aluminum tube 76 mm inside diameter 
and.300 mm long. It is fitted with a removable flange at one end 
and sealed shut with a heavy plate at the, other end. .Each.end has 
a quartz window,with a clear aperture of 18 mm,held in place by 
vacuum wax. The chamber is connected through a liquid air trap 


and a small one-stage Hg diffusion pump to the fore pump. The 
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chamber pressure is monitored with a McLeod Gauge. When in opera- 
tion, pressures from 0.12 to 0.03 x 1073 torr are obtained. Sur- 
rounding the vacuum chamber is an aluminum box containing 20 liters 
of water. This box is surrounded by 5 em of vermiculite insulation 
and an outer shell of 3/4 inch plywood. Because of the long time 
constant, changes in room air temperature have no detectable effect 
on the etalon when exposures of 1/2 hour or less are made. Pre- 
viously, however, small changes in etalon length were observed when 
7 hour exposures were required. During construction, provision was 
made to hold the temperature of the water bath constant within + 
0.01°C mean 15 °c and to measure a gas pressure in the etalon 
chamber of 1 atmosphere to + 1073 torr. Details of the heater, 
cooling coil, thermostat, and barometer are not included here since 
they are irrelevant to the topic under discussion. The light from 
the source under study was focused inside the etalon with a quartz- 
fluorite achromat. The Fabry-Perot fringes formed were then focused 
on the entrance slit of the spectrograph with a second lens of 25 
em focal length. Since it is necessary to photograph exactly the 
diameter of the ring system, the optical system must be aligned 
with care before each series of exposures. 

Since the fringes are not intense enough to be seen on the 
entrance slit, the adjustment is accomplished as follows. The 
plate holder is replaced by a 100 watt incandescent lamp and the 
light is sent through the spectrograph in the reverse direction. 
The image of the slit which is reflected from the etalon is made 
to coincide with the slit itself by adjusting the leveling screws 


which support the etalon chamber, and with the traverse screws at 
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the rear of the box. The front leveling screw is a pivot while 
the rear leveling screws slide easily on a 1/2" thick aluminum 


plate bolted to the spectrograph's optical bar. 


2.(. The Mercury Lamp and Exciters 


The Meggers-type electrodeless Hg 198 lamp, a sealed quartz 
tube 150 mm long x 8 mm diameter containing when new O.4 mg mer- 
cury 198, 4 torr argon,and 6 torr xenon, was purchased from Baird 
Atomic, Cambridge, Massachusetts. The lamp is operated by subjec- 
ting it to high frequency electromagnetic radiation. Originally, 
a war surplus radar set operating at a frequency of 600 megacycles 
was used. But because of poor coupling to the lamp, exposures as 
long as 6hysm were found necessary to bring up moderately strong 
mercury lines. Also, replacement triodes proved a problem for the 
newest ones available were made 20 years ago (1943) for the United 
states Navy. Finally so much trouble developed that the radar set 
was retired and a Raytheon Microtherm Generator operating at 2.45 
gigacycle was purchased. This generator is able to supply up to 
100 watts of microwave power but was never operated at a power 
level greater than 40 %. The generator is fitted with a matched 
coaxial cable and reflector so that most of the power reaches the 
lamp. Exposures longer than a few seconds overexpose the 2537 f 
line while the faintest lines measured reach suitable photographic 
densities after 10 minutes. The lamp must be operated in a cool- 
ing blast of air from a small hair dryer. When this is notdone, 
the lamp becomes so hot that the interference maxima overlap as a 


result of Doppler broadening. 
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2.8 The Standard Krypton Lam 


Based on the advice of Baird (IV) and of Hart* of N.R.C. 


an Englehard-type Kr 86 lamp was built which contained a quartz 


window. This lamp failed to ignite and was unfortunately broken 


v 


during an attempt to shorten the high voltage terminal. Hart 


loaned us another lamp which, however, contained only a glass win 


fy 


dow so that the ultraviolet lines were inaccessible. A second 
lamp with a quartz window was built but is not yet operational. 


The Englehard-type lamp must be operated at the triple point of 


nitrogen. It is contained in a large Dewar fitted with a lucite 
top through which passes the arm fitted with a quartz or glass 
window, the high voltage lead and filament connections. The tri 
ple point is easily reached by pumping for a few minutes on a Dew 


full (5 liters) of liquid nitrogen with a 140 g/min. 


the oil vapor picked up on passage through the pump. 


2.9 The Electrodeless Krypton Lamp 


torr of gas, and 
= 


O?) 


An electrodeless Kr 86 lamp containing 


=i 
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nia 


microwave cavity designed for use with the Raytheon Microtherm 
Generator, were obtained 
ville, Maryland. The spectrum of this lamp was investigated with 
the 1 cm etalon when the lamp was operated in air and when the 


cavity and lamp were operated submerged in boiling liquid air to 


a depth just sufficient to keep the lamp from being completely 


*Private communication with K. H. Hart. 


The exhaust gases are passed through a glass-wool filter to remove 
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covered. Many lines of the krypton spectrum found with the 
Englehard lamp are not visible with the electrodeless one and 
the lines are quite broad due to pressure and temperature effects. 


It is, therefore, not a suitable source in its present form for 


high precision work. 


ff 
CHAPTER III. DATA 


3.0 Etalon Thicknesses 


Approximate etalon thicknesses, as determined from the 6057 
& line are tabulated here for future reference. An assembled 
etalon is found to hold its adjustment for many months if stored 
in the vacuum chamber, However, it is necessary to take the eta- 
lons apart from time to time in order to change the spacer. It is 
never possible to reproduce the thickness exactly, but by using 
the same set of springs, one usually comes within 0.000 05 cm of 
the tabulated values. 


Table I 
Etalon Thicknesses 


Nominal Measured 
Value of t NWELLUS Cie Zhe 
Ons) Ga 1.097 166 cm 
iOnem 2.048 396 cm 
2.5 cm 5.345 840 cm 
Di. © Jem NO TOS 2 557 [em 
10.0 ecm 19.971 650 cm 


3.1 Photographic Plates Measured 
About 100 Kodak type 103-F 4" x 10" spectrographic plates 


were exposed. Of these, only certain pairs were measured. When- 
ever a pair of plates was measured at all, every possible inter- 
ference pattern on the plate was measured. Each pattern due to 
the 6057 & line was always measured three times and the mercury 


secondary standards on the plates which did not contain the 
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krypton spectrum were measured two or three times. Six expos- 
ures were made on each photographic plate. The slit length was 
14 or 10 mm, and its width the maximum obtainable, about 1/2 mm. 
The grating was set at 4.80° since the optimum range of wave- 
lengths and intensity was found here, 

The exposure sequence on each pair of plates wes a basic 
time t, determined from a test exposure plate, followed by 
additional exposures of 3t, 6t, 9t, 6t, 3t, except on a few 
plates where the sequence was t, 3t, 6t, 6t, 3t, t. The range 
of t was from 1 minute with the Kr 86 Englehard lamp to 15 min- 
utes for the Hg 198 lamp operated with the radar set. This means 
the longest exposures were from 27 minutes to.6 hours 45 minutes. 

Nearly 600 spectra were photographed for this thesis and 
about 4500 least square calculations were made on 275/ inter- 


ference patterns. 


3.2 The Spectrum of Mercury 198 


All of the mercury data obtained from six pairs of 5 cm 
plates and two pairs of 10 cm plates is averaged and presented 
in Table III. The first column is an ordinal number assigned to 
each line and will be useful later. The second column gives the 
number of interference patterns measured and averaged into the 
final result. The third column contains the wavelength and the 
fourth column the standard deviation. The errors in the e's 
calculated from (19) appear to have little to do with the accu- 
racy involved. OF ers them, the standard deviation of the mean is 
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Plate Number Etalon Spacing Light Source(s) 
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i2. On5 em Hg 198 
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air 
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18 2S ems He 198 

19 2.5 cm. He 198 

14 SOMmem. Hg 198 

15 550) une Hg 198 

16 5.0 cm. Hg 198 

2S) 5.0 cm. Hg 198 New flats 
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patterns are available. This is ridiculously small since the 
variation from one plate to another is 10 to 20 times this amount. 
One should not expect the mean value to be influenced strongly 
by a Single additional observation when it is the average of 20 
or more values. Thus, the only meaningful error which can be 


stated here is the standard deviation calculated from 


All measurements were given equal weight for no objective 
criterion could be found to weight them differently. Several 
calculations were made in which the measurements were weighted 
with the inverse square of the standard deviation calculated 
from (19) as recommended by Parratt (XVII) p. 118. No improve- 
ment over a simple mean was evident and indeed there was some 
inGdleCavlon thay such a procedure led to poorer results. -in work 
of the precision sought here, one must always be on guard against 
excessive optimism, It is far better to give estimates of the 
errors ten times too large than ten times too small. 

The wavenumbers in kaysers are given in column five and the 
two energy levels for the particular transition are given in 
columns six and seven for assumed Russell-Saunders coupling. 

At 2.5 cm. the resonance line at 2537 R was measured. No 
pattern was visible at greater etalon separations due to its 
large line width. A dividend was also obtained in that at 2.5 
ecm two of the strongest lines in the xenon spectrum were recorded 


with sufficient intensity to measure. Finally at 0.5 cm several 
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mercury lines not resolved with other etalon spacings were meas- 
urable. The 2.5 and 0.5 cm data are recorded in Table IV using 
the same format as Table III. The large errors in Table IV are 
an indication of the fact that the integral order number is not 
large enough to mask the error in the fractional order number. 

The Meggers-type Hg 198 lamp employed in this work was filled 
initially with 0.4 mg He 198, 4 torr argon, and 6 torr xenon. 
Thus fairly large pressure shifts for most lines of the spectrum 
must be expected. Unfortunately one can neither control nor 
measure the pressure in this type of lamp so that only an educa- 
ted guess can be given as to its effect on the spectrum. The 
author is aware of only three papers, Kaufmann (XXVIII), Jackson 
(XVIII) and Baird and Smith (XX), in which experimental deter- 
minations of pressure corrections have been reported. There is 
no satisfactery theory by which the shifts can be calculated. 
Baird and Smith (XX) showed that the 5462 & line is shifted to 
the red by 0.00006 R per torr argon pressure. Assuming that 
xenon will have about the same effect as argon since they are 
both inert gases, we expect a shift in this lamp for this line 
of 0.0006 Me Since the accepted value for this line is 5462.2705 
R we expect to find 5462.2711 R,. The measured value from 37 in- 
terference patterns obtained with the 5 and 10 cm spacers simul- 
taneously with the standard line gives, 5462.27113 8 + 0.00027 &, 
very good agreement indeed. 

On the other hand Kaufman's data predicts a much larger 
pressure ‘shift of O.O0001L0 R per torr argon pressure. However, 


his zero pressure wavelength is 5462.27036 &, indicating that we 
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should expect a wavelength of 5462.27136 &. This is higher 
than our value and indicates that xenon may not have the same 
effect as argon. 

Probably two of the measured lines, those at 3664 8 and 
3655 R are only slightly affected by the carrier gas pressure. 
These two lines involve transitions in which the total angular 
momentum J is invariant. One might expect that the 4359 R 
line and the 4047 8 line would be affected about as much as the 
5462 & line since they all have the same higher term, namely 
(5s Safe This does not seem to be the case as indicated by the 
following experiment which was accidentally performed. The 
Hg 198 lamp was operated in liquid air and the usual measure- 
ments were made on one pair of plates. Using the 4359 R line 
and the 4047 & line as standards, the 5462 & line was found to 
have the wavelength 5462.27056 + 0.00043 R. The result is not 
precise since only three values contribute to the average. How- 
ever, one expects that the gas pressure will be considerably 
lower due to the law temperature. Thus the red shift due to 
pressure effects should be reduced, as we observe. Unfortunat- 
ely this cannot be quantative since we have no way of measuring 
the temperature inside the lamp or of comparing it with the 


external temperature. 


3.3 Interpretation of the Hg 198 Spectrum and Russell-Saunders 
Coupling 


Mercury has the electronic configuration in the ground state 
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Ax 6 6 


1s2s ep 38°3p 6 


qe Oye dts 52595 qt 652, mone Thus there 


are two optical electrons outside a closed shell which is con- 


3q tO sei 


sidered to be Spherically symmetric. It is possible in principle 
to write down Schr&Sdinger's Equation for this atom assuming only 
electrostatic interactions. The equation is not separable in 

the coordinates of the electrons, though suitable approximations 
to the potential energy function make machine calculations pos- 
PDC horses ureavment, the Long articles by &.U.. Condon, 
J.R. MeNalley, L. Aller, and N.F. Ramsey in the McGraw-Hill Hand- 
book of Physics (XXI) should be consulted. 

The result of such calculations can be interpreted satis- 
factorily with the vector model of the atom as is done in White 
(XXII) or Semat (XXIII) or in numerous other books on atomic 
Structure. The optical electrons are assumed to have orbital 
angular momenta hs; and spin angular momenta S59 With the units 
of each being h/27r. The total angular momentum and spin of the 
core of the atom is taken to be zero. Thus the total orbital 
angular momentum TL is the vector sum of the individual orbital 


angular momenta of the two optical electrons only. 


=> 


L= 4, + bo 


sS 


and similarly the total spin J is 


Sr 8) + 8, 


The total angular momentum of the atom J is the vector sum 
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Since s = +, one finds that S = 0 or 1 only. Thus if L = 0, 
ce hi—MOnOrn ss dia iii— d= Onoredior 2 elie Le=—2 5 then Jic= i, 
2,. OF 353 ete. . Thus one finds two series of spectral lines, sin- 
glets in which S = 0, and triplets in which S = 1. The notation 
used is 


(2S + 1) 
Ly 


Allowed transitions are governed by the selection rules AJ = O, 
ee We Ose> © completely) tomblidden); “Ali =O, oi; AS —. 0. ihe 
presuperscript gives the multiplicity of the level and also the 
total spin quantum number. The postsuperscript o indicates the 
parity when it is odd. This symbol is redundant but is demanded 
by some spectroscopists. This notation and its. interpretation 
is given the name Russell-Saunders or LS coupling. It is not 
rigidly obeyed in mercury since violation of the selection rule, 
AS = O may be seen in Table III in entries 1, 3, 6, 8, and 12 
and in Table IV entries 1, 5, and 9. However, the notation does 
explain the separation of the energy levels into singlets and 
triplets and the interpretation in terms of angular momentum is 
easy to understand. There can be no doubt that the energy levels 
and transitions are correctly stated in Tables III and IV since 
they are consistent with the levels given in Landolt-Bérnstein 
(XXIV) Volume 1, p. 91. Consider, for example the following 


transitions from Table III. 
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Table V 


Consistency of the Hg 198 Wavelengths 


Transition eB Ps Wavenumber difference in cm 2 
(By) (2) 4 630.6782 

(22) = 102) 4 630.6765 

(Gls) eS) 4 630.6778 

(ls Gh) 4 630.6778 

Average 4 630.6776 + 0.0006 


While the transitions listed in Table V are not extensive, the 
indication is that the wavelengths are accurate to 1 part in 
20,000,000. since the wavenumbers are accurate to at least 1 
millikayser. A few additional transformations can be studied 
by combining the data of Table IV with that of Table III, but 
doing so adds nothing of importance. A more important point is 
that the krypton data show the same accuracy. A comparison of 
the wavelengths measured here with the recent literature shows 
excellent agreement if one keeps in mind the fact that the lit- 
erature mercury data is for Meggers-type lamps containing only 
1/4 torr argon. The comparison is presented in Table VIII for 


both elements. 


3.4 Mercury 198 Conclusions 


All recent investigators report that excellent Fabry-Perot 
interference fringes are found for the mercury lines at 5462 R 
and at 5792 R with a Meggers-type lamp. The author did not find 
this to be so. The 5462 & line in particular was found to give 


poorly defined fringes which were hard to measure accurately. 
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Indeed the variations in the patterns were so great that the 
only conceivable cause must be inherent in the lamp itself or 
in our method of exciting it. The latter is unlikely, as we 
used a standard radio frequency oscillator and always operated 
the lamp at minimum power output, usually 20 or 30 watts. We 
cannot understand why this line is recommended as a secondary 
standard, see reference (X). 

i Ss) dit hiewit vO underscand: why whe 5792 R line has been 
recommended as a secondary standard. In the case of natural 
mercury, this line is the well-known yellow doublet whose air 
wavelengths and transitions are 


5790.65 & 6s6p"P, - 6s6d"D, 17 262.2 em 


il 


at 
5789.66 & 6s6p"P, - 6s6d°D, 17 265.2 cm 


surely this is not an isotopic effect so that neither line can 
be considered pure in a Meggers-type lamp even though the two 
lines were not resolved on any of our plates. The observed line 
at this wavelength always looked sharp, but why should the inter- 
combination line be totally absent in this type of discharge when 
it is so prominent otherwise? 

The most consistent lines found in this work were those at 
4359 8, Hol7 R and at 3651 R, If mercury 198 secondary standards 


are desired these should have first choice. 


3.5 The Spectrum of Krypton 86 
An Englehard-type krypton 86 lamp with a quartz window was 
designed and built and sent to the National Research Council for 


filling. The lamp was to be viewed along the capillary with the 
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anode toward the observer, as recommended by K. H. Hart in a 
private communication. This design was chosen so that the ultra- 
violet portion of the spectrum could be studied. Any other ver- 
sion of the lamp would have required a quartz Dewar which would 
have cost about $2,000. This lamp was broken before it was ever 
operated. The lamp which was used was borrowed from K. H. Hart 
of the National Research Council. While it is not strictly a 
standard Englehard type lamp, since its capillary is 6 mm in dia- 
meter rather than 3, it was intensively studied by Baird and Smith 
(IV) and is known to be as good a standard for the orange line as 
any Ovher lamp 1m the current is maintained from 100) to 150 miil- 
liamperes. The lamp was always operated with a current of 110 ma 
with the anode to cathode potential adjusted to whatever value 
gave this current as read by a series AVO meter. 

Whenever an exposure was being made, the lamp was well sur- 
rounded by a slush of nitrogen atv the triple point. .If the slush 
began to get thin, the pumping speed could be easily increased by 
means of a Jamesbury ball valve in the vacuum line. 

Ninety-five krypton 86 lines were observed and are recorded 
in Table VI. One of the strongest lines in the krypton II spec- 
trum was observed on plate 38. The average wavelength from two 
patterns was 4676,07650 + 0.00016 R. However, since it was im- 
possible to establish unambiguously the correct integral order 
number, twice the etalon thickness 2t = 10.103 573 841 cm is given 
here so that the wavelength can be corrected by the free spectral 
range if necessary at some future date. 


The krypton lines were much sharper than the mercury lines. 
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3.6 Interpretation of the Kr 86 Spectrum and jl Coupling 


Krypton is the fourth inert gas and in the normal state has 


qx 29803910) ,2150 2 


the electronic configuration 1s eo eon 38 225 3d S 


ok 
Thus to emit light, the spherically symmetric atom must have a 
hole plucked in it. One might expect LS coupling to apply since 
the core will be an effective charge and the electron will move 
outside in its field. This is not the case at all for the domi- 
nant force is now a magnetic dipole type. No progress can be made 
using LS coupling ideas, or by relaxing the LS selection rules and 
going over to jj coupling. Racah (XXV) showed that a third type 
of coupling, which he named j# coupling, could very nicely explain 
the exceedingly complex spectra of the inert gases, and other 
heavy atoms with nearly full electron shells. 

In the ground state, krypton has no net spin or orbital an- 
gular momentum since all of the electrons are paired. However, 
once the optical electron is extracted to a higher orbit, the core, 


5) 


now designated as 4s Alin » has an odd number of electrons and in 


all cases has a nonzero spin, orbital and total angular momentum. 


Since the unpaired electron is a p electron and its spin is 2, 


the total angular momentum j of the core will be either 15 or 05 


depending on. whether the spin is parallel or antiparallel bo the 
orbital angular momentum. Thus the core is represented by the 
symbol Usp? (FSP ,°)., Since only one electron is unpaired, 
eck lez 2. 

The optical electron is found to interact with the core in 


two stages. Its orbital angular momentum £ adds vectorially with 
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the total angular momentum, j, of the core to give a new quantum 


number K, 
i >dgore # optical electron 
The spin of the optical electron now combines vectorially 


with K to form the total angular momentum of the atom 


eS US thp Soptical electron. 


The notation started above is now extended as follows 


Us*4p?(*P ? nf (K] P 

The n£ between the two brackets specifies the optical electron's 
principal and orbital nomentum quantum numbers. The parity of the 
entire atom is indicated by a superscript o on the square bracket 
if odd and ignored if even. Again, the parity designation is 
superfluous, since the value of £ immediately gives the parity. An 
example will make the notation clear. 

Suppose the optical electron is an 8d electron, then % = 2. 
1 a a 


oe Ke a5 or 15. suppose it is 25. Maye. GO) SS) Cie BZ Svyo= 


pose it is 3. The term is written as 


ie eS 


As will be observed, the leading terms Us *Yp? 


have been suppressed 

Since they never change. The parity is odd since £ of the elec- 

tron, an even number, is added to £ of the core, an odd number. 
Since the jf notation is not widely appreciated, the older 


Paschen notation, which is arbitrary, is included in the table of 


krypton wavelengths for convenience if one wishes to compare this 
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work with older treatments. 

The wavenumbers given in Table VI can be combined in many 
ways to check on the consistency of the data. An extensive 
though not complete analysis is presented in Table VII which, 
for convenience, is broken down into three parts. 

Finally, the wavelengths measured here are compared with 
the recent literature. The agreement is excellent, and argues 
that the errors as stated in Tables III and IV and VI are very 


much on the conservative side, as they should be. 
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Abbreviations used in the analysis of the Kr 86 data. 
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The average values of the transitions may be combined in numer- 


ous Ways to yield level differences. 


are included in Table VII C. 
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Virtually every difference listed above is accurate to 5 milli- 
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Table VIII 
14 
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Appendix I 


Aluminization of the Etalon Mirrors 


The method followed in aluminizing the Fabry-Perot etalon 
mirrors parallels that found in Strong (Vv) 10g dbyal eu Heels 
except for certain modifications discussed below. 

An all glass still was constructed without demountable 
joints so that distilled water from the building supply could 
be redistilled and kept free of contamination. The redistilled 
water is stored.in a flask with an inverted beaker as a cover. 
A holder for the two mirrors and a movable filament shield were 
constructed and installed in the vacuum chamber. A photocell 
was mounted above, and a 6 watt light below the mirrors in such 
positions that no aluminum was deposited on either during the 
evaporation acts as a variable reflectivity mirror and reflects 
adduGlonal Tlehite nico, whe sphovoceis.. An empirical calabratwton 
curve was obtained from a trial run. A helical filament was 
WOUnGwivcOn 1 Mn BUneSvenmWares Enmcach: Loop Of which is crimped 
a small piece of pure aluminum. 

The entire aluminum coating should be deposited in a few 
seconds but some practice is required to obtain 90.% reflecti- 
vity. The usual result is a coating of 99.% reflectivity. In 
the remaining steps of the procedure,.it is advisable to wear 
surgical gloves to prevent the hands from dissolving and to pre- 
Veh Onl rom the skin irom contaminating the optical flats. 
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followed by a thorough rinsing in tap water and then in distil- 
led water. All exposed surfaces are dried with lint-free paper 
towels such as Kimwipes. 

2. The mirrors are placed on lens paper in petri dishes 
and covered with a 5.% KOH solution. The surfaces are scrubbed 
with lens paper until all traces of old aluminum are removed. 
They are washed with tap water and given a final rinsing with 
distilled water. 

3. The damp mirrors are placed on sheets of Kimwipes to 
protect them from scratches. Reagent grade Calo; precipitated 
chalk, is rubbed vigorously into the surface with a piece of 
lens paper. Additional chalk and distilled water are added as 
necessary until each surface has been scrubbed for 5 minutes. 
The mirrors are washed thoroughly in distilled water and rinsed 
with redistilled water. 

If, at this point, the redistilled water wets the entire 
surface and does not pull back leaving a ary area, the remaining 
Sive ps lan caer procedume maybe carried our. “it this test fails), 
additional rubbing with chalk will be necessary until the test 
is positive. If the test is ignored, poor adhesion between the 
quarvz hilat and the fiiim wilt result. 

4, The mirrors are dried carefully with lens paper. Any 
bits of lint Left behind can be bilown off with a gentle puff of 


air or removed with a sable hair brush which has been soaked in 


acetone to remove all traces of oil from the hairs and then washed 


in a strong detergent and dried. 
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sealed and evacuated under a glow discharge. Two hours after 
the glow stops, the pressure should be about 107" Women WG 

this pressure the filament is outgassed and the aluminum fused 
with a current of 15 amperes for three minutes or until a coat- 
ing of aluminum forms on the bell jar wall below the filament 
shield. The pressure will drop very rapidly when the filament 
current ceases due to the gettering action of the aluminum film. 
At a pressure of NO torr or less, the shield is moved aside 
exposing the mirrors to the filament. The aluminum coating is 
evaporated rapidly with a current of 18 amperes for 10 seconds. 
The empirical calibration curve of the photocell will help the 
operator shut off the filament current when a film of the correct 
thickness has been formed. The vacuum is then broken and the 
bell jar removed so that an accurate measurement of the trans- 
missivity can be made. If too much or too little aluminum has 
been deposited, the entire procedure must be started again with 


the cleaning of the bell jar, etc. 
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Appendix IL 


The Intensity Distribution of Fabry-Perot Interference Fringes 


Since the two reflecting surfaces of a Fabry-Perot etalon 
are assumed to be identical, each surface has a reflection 


COciiclent) Pp andva transmission coeciiteteny o. Consider an 


Lwt 


incident electromagnetic wave e of amplitude 1. The first 


partial wave, which passes straight through the etalon, will 


have amplitude Cae The second partial wave, which makes two 


reflections inside the etalon and therefore has a phase difference 


of 2mp from the first partial wave, will have amplitude 


a-pre  t-2mP) the n&™ partial wave will have amplitude 


spel (wt-2mp) . We have set o-=s and p“er, the transmission and 
reflection "powers" respectively. 

The sum of all the partial waves, practically an infinite 
number, will give the resultant amplitude of the transmitted wave 
at infinity, or in fact, in the focal plane of the lens used to 
project the fringes on the slit of the spectrograph. Thus 
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The terms of the sum form a geometric progression with common 


-1eTp 


ratio re whose sum is 


The observable intensity I = AA*. Hence, 
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For p an integer we find I. .= s°/(1-r)*; and for p an integer 
plus 5 Wie werieet rnc) tin = s°/(1tr)*. Thus, aS we progress outward 
along a radius of the ring system, the intensity should alternate 
between these two values. Suppose, however, that p in an integer 
and that y is a small fractional part of the adjacent order num- 


ber, Then near the maximum, at order number (pty), (1) becomes 
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where n° = ur/(1-r)*, Expanding in a binomial series gives, 


meme 
Le deh = i) aye ep eae) 


WiMChiy VO teiieSt Order, ic) parabolic an the order number vy. 


38 92 
mitre emcee er tc oye PE ~— } 
qr: nee ch poe s . 
-~ Jf) oy = £) 
a . 
= | 
> 
~) 
| aioe meant 
7 (eu T} 
Tae a i 
c 7 
Le} 8 
o cs 
QT (Le + ff 
= ( 2. \ 
r=fj 
«. Oo 


t i 
QO 
= 
Oo 
a 
&. 
tap) 
Qf 
rey 
i 
Sr 
Pa 
U 
| 
ta’ 
roe 
3p 
iD 
bs 
(B 
0d 
rt] 
cy 
pe | 
bye 
oa 
be 
Q 
4 
i 
ia 


Siwone ytlensiat oft .mstaye gika old ‘to aotbses & aaols 
gua .agulsv ows seed? ansswisd 
tnsostbhs ent lo dtaq. Isnotioss? fieme s ak y tedt Bas 


2) ) tedmun tesbto 3s  mumixem sit asem ascdT .ted 


“ert 
—_ eeninaa”~ , Vamenta acs f—} I 
ii “ru cre \ ie . f 


C r ~ 
ietioe [almontd s mt gatbnsqxd .>(t-L)\ab «= = stecdw 


- 
- 
2 
= 
— 
‘ 
- 
| 
| on a 


conmun Lsbto etd af obfedseisqg af .webyo Jeakt oF ,dotdw 


i 7 oa 


